For a graph G = (V; E ) on n vertices, where 3 divides n, a triangle factor is a subgraph of G, consisting of n=3 vertex disjoint triangles (complete graphs on three vertices). We discuss the problem of determining the minimal probability p = p(n), for which a random graph G 2 G(n; p) contains almost surely a triangle factor. This problem (in a more general setting) has been studied by Alon and Yuster and by Ruci nski, their approach implies p = O((log n=n) 1=2 ). Our main result is that p = O(n ?3=5 ) already su ces. The proof is based on a multiple use of the Janson inequality. Our approach can be extended to improve known results about the threshold for the existence of an H -factor in G(n; p) for various graphs H .
Introduction
Let H be a graph on h vertices. If h divides n, we say that a graph G on n vertices contains an H-factor, if G contains n=h vertex disjoint copies of H. Thus, for example, a K 2 -factor is a perfect matching.
As usual, we de ne G(n;p) as the probability space, consisting of all labelled graphs with vertex set V = f1;:::;ng, where a graph G = (V; E) 2 G(n;p) has probability P G] = p jEj (1 ? p) ( n 2 )?jEj , the probability p may depend on n. In other words, each edge (i; j) 2 V 2 is chosen to be an edge of G 2 G(n;p) with probability p, all choices being independent. For a graph property A we say that a random graph G 2 G(n;p) whp (with high probability) has A, if the probability of A tends to 1 as n tends to in nity.
In this paper we consider the following problem. Let H be a xed graph on h vertices, and assume h divides n. What is then the minimal probability p = p(n) asserting that a random graph G 2 G(n;p) whp has an H-factor?
For the case H = K 2 the solution has been given by Erd} os and R enyi in 3], they showed that p = O(log n=n) su ces to have whp a perfect matching in G 2 G(n;p). For the case of a general graph H the problem remains unsolved. Some partial results have been obtained by Alon and Yuster 2] and by Ruci nski 5] . However, the problem is still open for many important classes of graphs, in particular, for the case H = K r for every r 3. In this paper we are mostly concerned with the case H = K 3 , this graph is actually the smallest one for which the problem is yet unsolved. This interesting problem is mentioned by Erd} os in his Appendix to the monograph of Alon and Spencer 1]. We would like to note, however, that the approach developed in this paper can be applied as well to other graphs H.
For the case H = K 3 , the method of Alon and Yuster and of Ruci nski shows that it su ces to take p = C(ln n=n) 1=2 for some constant C > 0. Here we improve this result by proving the following Theorem 1 A random graph G 2 G(n;1200n ?3=5 ) whp contains a triangle factor, assuming 3 divides n.
The constant 1200 in the statement of the theorem can certainly be improved. We do not make any special attempt to optimize it.
Throughout the paper, we assume n to be su ciently large where necessary. We will occasionally omit oor and ceiling signs for the sake of convenience.
The rest of the paper is organized as follows. In Section 2 we describe the framework of the Janson inequality used as the main technical tool in our proof. In Section 3 we show that a random graph G 2 G(n;p) whp contains an almost triangle factor, that is, loosely speaking, a family of vertex disjoint triangles covering all but n vertices for some constant 0 < < 1. Then we de ne a certain family of graphs, which we call H 0 -trees (Section 4) and show that our random graph whp contains large H 0 -trees (Section 5).
Finally (Section 6), these H 0 -trees are used to turn an almost triangle factor into the desired triangle factor. In Section 7, we discuss the applications of the presented approach for estimating the threshold for the existence of an H-factor for other graphs H, in particular, for the case H = K r , r > 3.
The Janson inequality
In the course of the proof we will make a multiple use of the powerful inequality of Janson, rst described in 4] (see also 1], Ch. 8). The following particular scheme of the inequality will su ce for our purposes.
Let S be a family of labelled subgraphs of a complete graph on n labelled vertices. Each edge of this complete graph is chosen to be an edge of a random graph G 2 G(n;p) with probability p, all choices being independent. For each member S 2 S we de ne the corresponding indicator random variable X S which takes the value 1 if S G, and the value 0 otherwise. Now de ne X = X S2S X S ; that is, X counts the number of subgraphs from S that turn out to be subgraphs of G. Also, let = 2 X S;S 0 2S E(S)\E(S 0 )6 =; P (X S = 1)^(X S 0 = 1)] :
(1) : (2) 3 Covering almost all vertices by triangles
As the starting point of our proof, we show that if G 2 G(n;p) with p = (n ?3=5 ), then whp almost all vertices can be covered by a family of vertex disjoint triangles.
Proposition 1 whp every set of at least n 0:95 vertices of a random graph G 2 G(n;p), where p = Cn ?3=5 for any absolute constant C > 0, contains a copy of a triangle.
Proof. Proof. The desired family can be obtained by picking triangles one by one greedily. The above proposition shows that this process whp will not stop before less than n 0:95 vertices will remain uncovered. 2 4 The graph H 0 and H 0 -trees In words, an H 0 -tree T 0 can be obtained by taking a union of an H 0 -tree T and a copy of H 0 , sharing exactly one vertex that is removable for both of them.
The following proposition states some properties of H 0 -trees.
Proposition 2 Every H 0 -tree T = (V; E) with the set of removable vertices R V (T ) has the following properties:
2) jRj jV (T )j=3; 3) For every v 2 R, the graph T n fvg contains a triangle factor.
(That is why the set R is called the set of removable vertices.)
Proof. The proof is by induction on jV (T )j. 1) and 2) If T = H 0 , then jV (T )j 1 (mod 3) and also jR(T)j = 2 > jV (T )j=3. Each application of part 2) of De nition 1 adds three new vertices to T, one of them being added to the set of removable vertices;
3) Let T be obtained by joining an H 0 -tree T 0 = (V 0 ; E 0 ) with the set of removable vertices R 0 V 0 and a copy H of H 0 on vertices u 0 ; u 1 ; u 2 ; u 3 , where u 0 and u 3 are removable and V 0 \V (H) = fu 0 g. If a vertex r 2 R 0 nfu 0 g is deleted from T, then by induction the graph T 0 n frg contains a triangle factor, which can be completed to a triangle factor of T n frg by adding the triangle u 1 ; u 2 ; u 3 . If u 0 is deleted, then a desired triangle factor is obtained by adding the triangle u 1 ; u 2 ; u 3 to a triangle factor in T 0 n fu 0 g, existing by the induction hypothesis. Finally, if u 3 is deleted from T, then the graph T 0 nfu 0 g contains by induction a triangle factor, to which we add the triangle u 0 ; u 1 ; u 2 . 2
The above proposition shows that, having a family F of vertex disjoint triangles and an H 0 -tree T such that V (F) \ V (T ) = ;, we can use any removable vertex v 2 R(T) to build a new triangle with vertices yet uncovered by F. The deletion of v from T results in the new graph T 0 , having a triangle factor. This triangle factor can be then added to F.
Finding large H 0 -trees
In this section we show that when p 0 = 6n ?3=5 , then whp a random graph G 2 G(n;p 0 ) contains large vertex disjoint H 0 -trees. Since in the sequel we will make use of the existence of disjoint H 0 -trees of various sizes, the result is presented in the following parametric form.
Lemma 1 If p 0 = 6n ?3=5 , then for every integer k, satisfying 4 k n=6 and k 1 (mod 3), a random graph G 2 G(n;p 0 ) whp contains j n 6k k vertex disjoint copies of H 0 -trees, each having k vertices.
The proof of the lemma is based on the following Proposition 3 Let p 0 = 6n ?3=5 . Then whp for every triple of disjoint subsets U 0 , U 00 , W of the vertex set of a random graph G 2 G(n;p 0 ), satisfying jU 0 j n=18, jU 00 j n=6, jWj n=3, there exists in G a copy of the graph H 0 , having its kernel vertices in W, one of its removable vertices in U 0 and the other one in U 00 .
The constants 1=18, 1=6, 1=3 in the above proposition are chosen somewhat arbitrarily, they are speci c for its use in the proof of Lemma 1.
Proof. Clearly, it su ces to prove the proposition for the case jU 0 j = n=18, jU 00 j = n=6, jWj = n=3.
For a xed triple U 0 ; U 00 ; W satisfying the above restriction, let us denote by S the family of all copies of the graph H 0 in the complete graph on U 0 U 00 W, satisfying the proposition requirements. For each such copy S we denote by X S the corresponding indicator random variable, taking the value 1 i S G. Let showing that the i-th step of the above described process is successful with probability 1 ? e ? (n 0:1 ) . Since the number of steps is m 1 < n, the process whp can be performed successfully for all vertices of W.
After the process has nished, we have a family T m 1 = fT 1 ; : : :; T m 2 ?2m 1 g of H 0 -trees. Deleting a removable vertex u j 2 R(T j ) from every T j 2 T m 1 , we then nd a triangle factor in each T j . Their union is added to F m 1 . Now F m 1 covers all vertices of V but fu 1 ; : : : ; u m 2 ?2m 1 g, thus forming a desired family of triangles. 2 Proof of Theorem 1. The proof is very similar to that of Lemma 2, therefore we indicate only some di erences, leaving the details to the reader. We refer to the notation of Lemma 2 and its proof. Consider a random graph G 2 G(n;p 19 ) and represent it as a union of G 0 2 G(n;p 0 ) and G 00 2 G(n;p 18 ). Note that by Lemma 2, G 00 whp contains a family of vertex disjoint triangles, covering all but at most n 0:05 vertices. De ne m 1 to be the largest integer not exceeding n 0:05 and satisfying m 1 0 (mod 3), and de ne crucially m 2 = 2m 1 . Then if the m 1 {step process of Lemma 2 will be successful, the family T m 1 will be empty. Therefore, after step m 1 we will have a triangle factor. Note that at each step i, 1 7 Concluding remarks 1) One may wonder why the asymptotic order of probability p = (n ?3=5 ) in Theorem 1 cannot be reduced. Indeed, at almost all steps of the above proof a smaller order of probability would su ce. It is easy to see that when p = o(n ?3=5 ) the proof of Proposition 3 ceases to work. Moreover, if p = o(n ?3=5 ), for every xed vertex v 2 V the expected number of copies of H 0 , containing v, is o(1), and therefore we expect the copies of H 0 in G 2 G(n;p) to be mostly vertex disjoint. It can be shown that in this case G whp does not contain an H 0 -tree of size n for any xed > 0.
2) A natural question is what is the right value of the threshold for the existence of a triangle factor in a random graph G 2 G(n;p). Our Theorem 1 shows that this threshold is at most O(n ?3=5 ). On the other hand, it can be proven, using for example Janson's inequality and the second moment method, that when n?1 2 p 3 = ln n + w(n) for any function w(n) tending to in nity with n, that whp every vertex of a random graph G 2 G(n;p)
participates in at least one triangle, while if n?1 2 p 3 = ln n?w(n), then whp there exists at least one vertex that does not participate in any triangle. This motivates the following Conjecture 1 p(n) = (log n) 1=3 n ?2=3 is the threshold function for the existence of a triangle factor in a random graph G 2 G(n;p).
3) The approach of this paper can be used as well to get new results in the problem of determining the threshold for the appearance of an H-factor for graphs H other than a triangle. , then whp for every triple of disjoint subsets U 0 , U 00 , W of V (G), G 2 G(n;p), satisfying jU 0 j = n=18, jU 00 j = n=6 and jWj = n=3, there exists in G a copy of H 0 having its kernel vertices in W, one of its removable vertices in U 0 and the other in U 00 (cf. Proposition 3). Derive from this that for every integer k satisfying r + 1 k n=6 and k 1 (mod r), a random graph G 2 G(n;p) whp contains then a random graph G 2 G(n;p) whp contains a K r -factor, assuming r divides n.
